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1. Overview

My research interests include representation theory, combinatorics, and category theory.
In particular, my research is focused on diagrammatically defined categories which arise in
representation theory.

Felix Klein classified the finite subgroups of the special unitary group, SU(2). There
are two infinite families of finite subgroups along with 3 exceptional subgroups: the cyclic
groups of order n, Cn, the binary dihedral groups, Dn, of order 4n, the binary tetrahedral
group T, the binary octahedral group O, and the binary icosahedral group I. Around
1980, McKay made his beautiful observation that certain affine Dynkin diagrams and the
representation graphs associated with these finite subgroups are identical [1].

In a different direction, the diagrammatic Temberley–Lieb algebras, TLk(δ), were de-
veloped by the authors of the same name in [2]. There are isomorphisms between the
endomorphism algebras Zk(SU(2)) :=EndSU(2)(V

⊗k) of the defining module V for SU(2)
and the Temperley–Lieb algebras TLk(2). In [3], Barnes, Benkart, and Halverson combined
the work of McKay and Temperley–Lieb by describing the endomorphism algebras of the
finite subgroups of SU(2) and presenting diagrammatics for the Cn and Dn cases.

The study of endomorphisms can be generalized to arbitrary homomorphisms; that is,
we can study the entire category of representations. The Temperley–Lieb category was
developed in [4], and thus we have a diagrammatic category in which there is a fully
faithful monoidal functor from this Temperley–Lieb category to the category whose ob-
jects are tensor products of V and the morphisms are HomSU(2)(V

⊗k, V ⊗l). In partic-
ular, the Temperley–Lieb category has generating diagrams known as the cup, cap, and
identity strand, and there is a diagrammatic basis for each space of homomorphisms,
HomSU(2)(V

⊗k, V ⊗l), which can be described as all non-crossing diagrams with k nodes
on the bottom of the diagram and l nodes the top.

Following in these footsteps, it is the aim of my research to generalize [3] to the categorical
setting. That is, my goal is to develop diagrammatic categories for which there are fully
faithful functors onto the categories of G-modules V ⊗k and the G-module homomorphisms
from V ⊗k to V ⊗l for each finite subgroup G ≤ SU(2). Another product of my research
is diagrammatic categories which correspond to the monoidal categories with all tensor
products of irreducible G-modules as objects as opposed to just V . Furthermore, I would
like to pursue and develop the representation theory of these categories.
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2. Preliminaries

As in most cases of scientific research, to talk about mine we must first see the giant
shoulders on which we stand. Let us begin our discussion with the rather well known
special unitary group. Explicitly, we define this group to be

SU(2) =

{(
α β
−β̄ ᾱ

)
| α, β ∈ C, αᾱ+ ββ̄ = 1

}
.

We consider the defining module for SU(2), V = C2, where SU(2) acts by left multipli-
cation. More generally, consider the k-fold tensor product of V , V ⊗k. These are modules
for SU(2) under the diagonal action. By restriction, these are also modules for the finite
subgroups of SU(2).

The representation graph of SU(2) is a directed graph where the nodes correspond to
irreducible modules, call them Si corresponding to the ith node, and an edge is placed from
i to j if Sj ⊂ Si⊗V where V is the defining module for SU(2) as above. If we consider the
analogous representation graph of a finite subgroup G ⊂ SU(2), it will be a connected simple
graph. In [1], McKay made the observation that certain affine Dynkin diagrams correspond
precisely to these representation graphs of finite subgroups of SU(2). The representation
graphs for the finite subgroups of SU(2), Cn, Dn, T, O, and I, respectively correspond to

the Dynkin diagram Ân−1, D̂n+2, Ê6, Ê7, and Ê8.
Using McKay’s correspondence, Barnes, Benkart, and Halverson study the endomor-

phism algebras of the finite subgroups G ⊂ SU(2), Zk(G) :=EndG(V ⊗k) ⊃ Zk(SU(2)). In
their paper [3], Barnes, Benkart, and Halverson develop the theory of these endomorphism
algebras and give bases. Moreover, they remark that the algebras can be viewed diagram-
matically and give a brief description and some examples, specifically for the Cn and Dn

cases. One of the purposes of my research is to explore this idea more thoroughly.
To give an illustrative example, let me discuss the Temperley–Lieb algebra TLk(δ) which

can be defined by generators e1, . . . , ek−1 and subject to the relations e2i = δei, eiei±1ei = ei,
and eiej = ejei for |i− j| > 1. The algebra TLk(δ) can be viewed diagrammatically as well.
For example, one may consider the Temperley–Lieb algebra TL3(δ) and describe a basis by
the following diagrams:

, , , , and .

The composition product is given by vertically stacking diagrams as shown in the next
example. Furthermore, whenever there is a closed connected component, we delete it and
multiply the resulting diagram by a factor of δ.

Example 2.1. Let

d1 = and d2 =

.

We connect the diagrams in the obvious way:
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and we use isotopies to straighten out connected components, as well as delete any connected
components contained completely in the middle of the diagram to get

d1 ◦ d2 := δ

By setting δ = 2, we get the following theorem.

Theorem 2.2. [5] For all k ≥ 0, there is an isomorphism of algebras

TLk(2)
∼=−→ EndSU(2)(V

⊗k).

Thus, we have a diagrammatic presentation for the endomorphism algebra EndSU(2)(V
⊗k).

Moreover, by allowing the number of vertices on the top and bottom to vary, we can gener-
alize this description and obtain the Temperley–Lieb category TL(δ). There is then a fully
faithful functor

TL(2)
∼=−→ SU(2)-mod.

3. The Groups Cn and Dn

In the same way, we would like to use diagrammatic categories to describe the repre-
sentation theory of the finite subgroups of SU(2). The following is an example of such a
diagrammatic category in which there is a fully faithful functor into a full subcategory of
Cn-modules.

Definition 3.1. We let Cn be the C-linear monoidal category where the objects are [k] with
k ∈ Z and generating morphisms:

+

+

: [1] −→ [1],

− +

: [2] −→ 1,

+ + + +
· · ·

: [n] −→ 1,

+ −
: 1 −→ [2], and

++ + +· · ·
: 1 −→ [n]
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along with a similar set of diagrams obtained by interchanging the plus and minus signs.
We define the composition of diagrams as vertical stacking from bottom to top and the
tensor product of diagrams is horizontal concatenation satisfying an explicit list of relations
with a few listed in the following example.

Example 3.2. The following are some relations we require the diagrams to satisfy.

=

+−+

++

+−+
, =

− + − +

− + − +

, + −= 1 , − + = 1 , and

· · ·
=

· · · · · · · · ·
+ + + + − − − − + + + − − −

n n

By definition, the morphisms of this category, HomCn([k], [l]) are C-linear combinations
of such diagrams.

Let Cn-modV be the full subcategory of Cn-modules of the form V ⊗k for some k ≥ 0.

Theorem 3.3. There exists a fully faithful functor

Fn : Cn −→ Cn-modV

which sends [k] 7→ V ⊗k and generating diagrams to explicit Cn-module homomorphisms.

That is, the category Cn gives a complete combinatorial model for Cn-modV .
A similar story can be told for Dn. There is a diagrammatic category Dn and a fully

faithful functor
Gn : Dn → Dn-modV .

It is still an interesting question to develop diagrammatic categories corresponding to
the exceptional cases, T, O, and I. The study of these cases are more complicated as we
need to develop diagrams which correspond to morphisms between modules which are no
longer multiplicity free. In the next section, we will develop refined categories which are
interesting in their own right and will help us develop diagrammatic categories for these
more complicated exceptional cases.

4. Expanding the Set of Objects

Thus far, we have considered monoidal categories generated by one object which cor-
responds to the defining module of SU(2). An interesting question we might ask is what
kind of diagrammatic category might arise where the generating objects correspond to all
the irreducible G-modules. Let us first explore the full subcategory of Cn-mod where the
generating objects are the irreducible Cn-modules and develop diagrammatics.
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Definition 4.1. We denote Cn-modirr as the full C-linear monoidal subcategory of Cn-mod

where the generating objects are the irreducible Cn-modules, C
(k)
n where k ∈ Z /nZ . As all

irreducible Cn-modules are 1-dimensional, M = C
(i1)
n ⊗ · · · ⊗C(im)

n is 1-dimensional, and so

M is isomorphic to C
(l)
n for some l ∈ Z /nZ . By Schur’s Lemma, HomCn(M,N) is either 0

or 1-dimensional.
From this observation, we can define Cn-module homomorphisms, mc

a,b : C
(a)
n ⊗C(b)

n −→
C

(c)
n where c ≡ a + b mod n, sa,bc : C

(c)
n −→ C

(a)
n ⊗ C

(b)
n where c ≡ a + b mod n, and

ida : C
(a)
n −→ C

(a)
n .

We are now ready to construct the category Cirrn .

Definition 4.2. Let Cirrn be the C-linear monoidal category with objects generated by k ∈
Z /nZ with the tensor product being defined by concatenation. Denote the concatenation
of the integers i1, i2, . . . , im as [i1, i2, . . . , im]. The morphisms are generated by the following
diagrams:

a

a

a+ b

a b c = a+ b

a b

, , .and

where a, b, and c ∈ Z /nZ . We will sometimes refer to these as the identity diagram, the
merge diagram, and the split diagram respectively.

We impose the following relations:

(4.1)

a b

a′ b′ a′ b′

a b

= ,

a b

b′a′ a′ b′

a b

= ,

(4.2)

a b

a b

=

a b

a b

,
=

a

aa

a

,
0

0

=1
,
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(4.3)

a b c

a+ b+ c

a b c

a+ b+ c

=

, and

a b c

a+ b+ c

a b c

a+ b+ c

=

where a, b, c, a′, and b′ ∈ Z /nZ , and a+ b ≡ a′ + b′ mod n.

Definition 4.3. Let F irr
n : C(n)n −→ Cn-modirr be monoidal C-linear functors determined

by the following rules:

a b

a+ b

7→ ma,b,

a

a

7→ ida,

a b

c

7→ sa,bc .

Theorem 4.4. For all n ≥ 1, the functor F irr
n : Cirrn −→ Cn-modirr is fully faithful.

5. Exceptional Categories

In Section 2, we discussed the observation by McKay that the affine Dynkin diagrams of
certain types are in one-to-one correspondence with the representation graphs of the finite
subgroups of SU(2). Thus, we can index the irreducible G-modules, G(k), by nodes in the
corresponding affine Dynkin diagram.

The following theorem is true for any of the finite subgroups of SU(2). We focus on the
Binary Tetrahedral group, T, for the sake of exposition. Consider its representation graph:

1 2 3

3′

0 4

4′

Definition 5.1. We denote by T-modirr the full C-linear monoidal subcategory of T-mod
where the generating objects are the irreducible T-modules, T(k) where k ∈ {0, 1, 2, 3, 4, 3′, 4′}.

Definition 5.2. We let BT irr be the C-linear monoidal category with objects generated by
k ∈ {0, 1, 2, 3, 4, 3′, 4′} and morphisms generated by the following diagrams:
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a

a

,

c

1 b

, and

c

1 b

where a, b, and c ∈ {0, 1, 2, 3, 4, 3′, 4′} such that c is adjacent to b in the representation
graph of T. Here we give a list of relations that we hope to expand on:

a+ b

a+ b

a+ b

a b

a+ b

=

∑
b−a

=

1

1a1

1 a

and b

a

a

where b ≺ a if b is adjacent to a in the representation graph of T.

Theorem 5.3. We can define a full functor T irr : BT irr −→ T-modirr.

I am currently working to describe the necessary relations which, when imposed, make
this functor faithful as well. In particular, via these categorical equivalences our diagram-
matic categories will encode the entire representation graph of McKay and the endomor-
phism algebras of [3].

6. Future Directions

For each of the categories introduced above, the functor to the category of G-modules
can be thought of as a functor to the category of C-vector spaces where we forget the G-
action. In other words, we have a representation of each of these diagrammatic categories.
Just as one group can have many representations, one category can have many interesting
representations. This is an active area of research.

For example, Sam and Snowden explore the representation theory of the Brauer category
in [6]. While their paper is centered around the Brauer category, they specifically mention
that much of the theory they develop could be transferable to other categories, like the
Temperley–Lieb categories and its variants.

Similarly, Brundan and Vargas give a concrete diagrammatic definition of the affine
partition category, and use it to study the representation theory of the partition category
[7]. It is with these two papers in mind that we may ask the following questions.

Question 6.1. Can we classify and study the representations of the diagrammatic categories
associated to the finite subgroups of SU(2)? In particular, what is the categorical represen-
tation theory of these diagrammatic categories, and can we extend some notions such as
highest weight module, semi-simplicity, irreducible modules, etc. to these categories?

In addition to the above questions, there are many directions one might consider explor-
ing. The hands-on combinatorial nature of this area makes it easy for a student to compute
interesting examples and special cases without needing much background. Another direc-
tion could be to explore how these categories react to changes in certain parameters. For
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example, the Temperley–Lieb category, when not considering the connection to SU(2), has
the parameter δ ∈ C which we multiply diagrams by whenever we delete a loop in the dia-
gram. What would introducing such a parameter to these diagrammatic categories change
about the combinatorics or representation theory? For example, one might explore how
these categories decategorify. Still another: we consider these categories over the complex
numbers; what happens if we consider them over other fields?
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